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$p\neq 0$ $k,$ $K$ $GF(p),$ $GF(p^{m})$ $K\backslash \{0\}$ ( )
$K$ $k$ (prinitive polynomi-al)
($m$ )
$f(x)=x^{m}-a_{marrow 1}x^{m-1}-a_{m-2}x^{m-2}-\cdots-a_{0}\in k[x]$ (1)
$a_{i}\in k=GF[p)\simeq Z/(p)$ $0\leq b_{i}\leq p-1$ $a:\equiv b_{i}mod p$ $b_{i}$
$n_{f}:=b_{m-1}p^{m-1}+\cdots+b_{0}\in Z$ $f(x)$
$m$ ( ) $k$ $(p^{m}-1$ $)$
$\{0,1, \cdots,p^{m}-1\}$ { $n_{f}|f(x)$ $t$ } $\Sigma$ $\Sigma$
$n_{f}$ $K$ (lst primitive polynomial, lst pp)
1
$m$ $\Sigma$ $\{1, \cdots,p^{m}-1\}$ at ra dom
1
( eudo random numbers) $\Sigma$
$Yyth\cdot S45\infty*112$ . accsnet.ne. Jp
$\dagger_{t}$eruitUath. $t\epsilon ukuba$ . ac. Jp
1652 2009 146-154 146
1
$\alpha$ Galois $K=\{\alpha,\alpha^{2}.\cdots, 1(=\alpha^{p^{m}-1}), 0\}$ $\alpha^{r}$
abel $K\backslash \{0\}$ $gcd(k,p^{m}-1)=1$ . $K$ $\varphi(p^{m}-1)$ ,
$\varphi$ Euler $m$
$\frac{\varphi[p^{m}-1)}{m}$
1 $\grave$ $f(x)$ $nf \approx\frac{}{\frac{\varphi(p^{m}-1)p^{m}-1}{m}}=\frac{m(p^{m}-1)}{\varphi(p^{m}-1)}$ $\neq$
the lst presupposed primitive polynomial( lst PPP)
lst PP lst PPP $p=2$ 34
Peterson,W.W. and Weldon, E.J.: Error-Correcting Codes, 2nd ed. MIT Press (1972) [9]
( 1)
1 $m=14$,lst pp $=63(43)$ GAL (General
Algebraic Language/Laboratory) procedure 63 lst PP
43 8
lst pp $<1$st ppp $16$ lst pp $=lst$ PPP
2 lst pp $>1$st ppp 15 1
2
procedure algoritlu Shift Register Algoritlhm([5], [7])
$nf$
(1)
$\epsilon:K=k\alpha^{m-1}\oplus k\alpha^{m-2}\oplus\cdots\oplus k\simeq k[x]/(f(x))=k^{m}$
$k[x]/(f(x))$ $k$ $m$ 1 1
adic: $Z\ni n=a_{m-1}p^{m-1}+a_{m-2}p^{m-2}+\cdots+a_{0}\mapsto(a_{m-1},a_{m-2}, \cdots, a_{0})\in k^{m}$ ,
$0\leq a_{i}\leq p-1,i=1,2,$ $\cdots,m-1$
$Karrow^{\epsilon}k^{m}$ ( $k$ $m$ ) $arrow madic$ ? :












$3^{2}\cdot 7$ 1.75 11
127 101 7
$3\cdot 5\cdot 17$ 199 16
9 $7\cdot 7$ 1 18 11
10 $3\cdot 11\cdot 31=1023$ 1.71 17
11 5 $23\cdot 89=2047$ 106 12
12 83 $3^{2}\cdot 5\cdot 7\cdot 13=4095$ 237 28
13 8191 100 13
14 3 $\cdot 43\cdot 127=16383$ 154 22
15 $7\cdot 31\cdot 151=32767$ 121 18
16 3 $\cdot 5\cdot 17\cdot 257=65535$ 200 32
17 131071 100 17
18 129(39) $3^{s}\cdot 7\cdot 19\cdot 73$ 187 34
19 524287 100 19
20 9 $3\cdot 5^{2}\cdot 11\cdot 31\cdot 41$ 218 44
21 5 $7^{2}\cdot 127\cdot 337$ 118 25
22 $3\cdot 23\cdot 89\cdot 683$ 159 35
23 33 $47\cdot 178481$ 1.02 23
24 135(27) $3^{2}\cdot 5\cdot 7\cdot 13\cdot 17\cdot 241$ 253 61
25 931 $\cdot 601\cdot 1801$ 104 26
26 3 $\cdot 2731\cdot 8191$ 150 39
27 7 $\cdot 73\cdot 262657$ 118 32
28 $3\cdot 5\cdot 29\cdot 43\cdot 113\cdot 127$ 202 57
29 5 $233\cdot 1103\cdot 2089$ 1.01 29
30 8388615(83) $3^{2}\cdot 7\cdot 11\cdot 31\cdot 151\cdot 331$ 2.01 60
31 2147483647 100 31
32 300811(175) $3\cdot 5\cdot 17\cdot 257\cdot 65537$ 2.00 64
33 7 $\cdot 23\cdot 89$ .599479 123 41
34 3 $\cdot 43691$ .131071 150 51
1; lst PP lst PPP (Peterson, W.W. and Weldon, E.J. [9]).
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$1\mapsto^{\epsilon}(0,0, \cdots, 0,0,1)^{\underline{adic}}1$ ;
$\alpha\mapsto^{\epsilon}(0,0, \cdots, 0,1,0)^{\underline{u1ic}}p$ ;
$\alpha^{2}\mapsto^{\epsilon}(0,0, \cdots, 1,0,0)^{\underline{adlc}}p^{2}$ ;
$\alpha^{m-1}\mapsto^{\epsilon}(1,0, \cdots,0,0,0)^{\underline{adic}}p^{m-1_{i}}$
$\alpha^{m}\mapsto^{\epsilon}(a_{m-1},a_{m-2}, \cdots,a_{0})^{\underline{adlc}}a_{m-1}p^{m-1}+a_{m-2}p^{m-2}+\cdots+a_{0}$;
$\alpha^{m+1}\mapsto^{\epsilon}(a_{marrow 1}^{2}+a_{m-2}, a_{m-1}a_{m-2}+a_{m-S}, \cdots,a_{m-1}a_{1}+a_{0},a_{marrow 1}a_{0})$
$\underline{adlc}(a_{m-1}^{2}+a_{m-2})p^{m-1}+(a_{m-1}a_{m-2}+a_{m-3})p^{m-2}+\cdots+(a_{m-1}a_{1}-a_{0})p+a_{m-1}a_{0}$ ;






$(k_{m-1}a_{m-1}+k_{m-2}, k_{m-1}a_{m-2}+k_{m-3}, \cdots, k_{m-1}a_{1}+k_{0}, k_{m-1}a_{0})$
$\tau_{f}$
$\tau_{f}((k_{m-1}, k_{m-2}, \cdots, k_{0}))=(k_{m-1}a_{m-1}+k_{m-2},k_{m-1}a_{m-2}+k_{m-3}, \cdots, k_{m-1}a_{1}+k_{0},k_{m-1}a_{0})$
$\tau_{f}$ $\tau_{A}$
$A$ $(a_{m}, a_{m-1}, \cdots, a_{0})=$ adic $(n_{f})$ .
$\tau f$ procedure implement $m$ $\alpha^{m}\mapsto^{e}$
$(a_{m-1}, a_{m-2}, \cdots, a_{0})=\tau_{f}^{m}(adic(1))$






$\tau_{g}=\tau_{adlc(n_{g})}$ adic$(n_{g})=(c_{m-1}, c_{m-2}, \cdots , c_{0})$
a $c$ adic(1) $=(0,0, \cdots, 1)$
$g(x)=0$ $\beta$ $f(x)$ $\{\beta,\beta^{2}, \cdots, \beta^{p^{m}-1}\}$ $m$
/1/
$\tau_{g}$ (adic(1)), $\tau_{g}^{2}$ (adic(1)), $\cdots,$ $\tau_{g}^{p^{m}-1}$ (adic(1)) $g(x)$
$1\leq i<i\leq p^{m}-1$ $\tau_{g}^{i}$ (adic(1)) $=\tau_{g}^{j}$ (adic(1)) $s= \min\{j-i\}$ $g$ ( adic $(n_{g})$ )
(period) $f(x)$ $\tau_{f}$ $p^{m}-1$ Cf. [2].
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1$g$ $s=k-j$ $1\leq l\leq m$ $l$ $\tau_{g}^{i}(adic(1))=\tau_{g}^{j}$ (adic(1)) $=$
$\tau_{g}^{l}$ (adic(1))
lst pp $\tau_{adic(1)}$ $\rangle$ $\tau_{adic(2)}$ , ... ,
$\tau_{u11c(n)}$ $p^{m}-1$ adic $(n)$ $m-1$ $m$




Output: $n$ {lst PP $f$ $n_{f}$ }
1: for all $i=1,$ $\ldots,p^{m}-1$ do $\{i=n_{f},$ $f:\alpha\in K$ $\}$
2: for all $j=m+1,$ $\ldots,p^{m}-$ ldo{ $\alpha^{j}$ }
3: if $\tau_{u1ic(i)}$ (adic$(j)$ ) $\in$ {adic(1), adic(2), . .. , adic$(m)$ } then




8: if $n=p^{m}-$ lthen{ $\alpha$ $p^{m}-1\Leftrightarrow\alpha$ }










$C=m hmm\frac{p^{m}-1}{\varphi[p^{m}-1)}$ $m$ ?
$p=2$ 1 $\frac{2^{m}-1}{\varphi(2^{m}-1)}$ $\lim_{marrow\infty}\frac{2^{m}-1}{\varphi(2^{m}-1)}<\infty$
? lst pp Complexity $m$ linear,
, $C\sim O(m)$ , 1
1
$L= \lim_{marrow\infty}\frac{2^{m}-1}{\varphi(2^{m}-1)}$ $a_{0}$
3 $r$ $q_{r}$ $3=q_{1}<q_{2}<\cdots<q_{r}$
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$m$ $m=(q_{1}-1)(q_{2}-1)\cdots(q_{r}-1)$ $rarrow\infty$ $marrow\infty$
$marrow\infty$ $\lim_{marrow\infty}\frac{2^{m}-1}{\varphi(2^{m}-1)}$
$q_{j}\neq 2$ Fermat $q_{j}|2^{q_{j}-1}-1$ for $i=1,2,$ $\cdots,$ $r$ $2^{q_{f}-1}-1|2^{m}-1$ for
$j=1,2,$ $\cdots,$ $r$ $q_{j}-1|m$ $q_{j}|2^{m}-1$ $2^{m}-1=q_{1^{1}}^{c}q_{2^{2}}^{c}\cdots q_{r}^{c_{r}}q_{r+1}^{c_{r+1}}\cdots q_{s}^{c}$ for $r\leq S$ ,






$L$ 1 $n$ $\text{ _{}1}$ $s,$ $r$ 1 $n=2^{t}q_{1^{1}}^{a}q_{2_{1}^{2}}^{a}\cdots q_{r}^{a_{r}}$
$1+ \frac{1}{2}+\cdots+\frac{1}{n}+\cdots=L+\frac{1}{2}L+\cdots+\frac{1}{2^{l}}L+\cdots=\frac{1}{1-\frac{1}{2}}L=2L$. $1+ \frac{1}{2}+\cdots+\overline{n}+\cdots$






$L= \lim_{*\Re marrow\infty}\frac{2^{m}-1}{\varphi(2^{m}-1)}=1$ , $marrow\infty$ $C\sim O(m)$ .
$p$ 2 Mersenne $M_{p}=2^{p}-1$ $q$ $q|2^{p}-1$ ,
$2^{p}\equiv 1mod q$ . $Z/(q)\backslash \{0+(q)\}$ 2 $mod q$ $h$ $h|p$ , $P$
$h=p$. $2^{q-1}\equiv 1mod q$ , $p|q-1$ , $k’= \frac{q-1}{p}$
$q-1=k’p_{\ovalbox{\tt\small REJECT}}$ $q-1$ $|$ $p\neq 2$ $k$ $q=2kp$ 1




$\tau$ Ne $(2p)^{t}<2^{p}$ av $a_{\text{ }}$ oe $t< \frac{p}{1+\log_{2}p}$ .
$\lim_{*\Re parrow\infty}\frac{2^{p}-1}{\varphi(2P-1)}=\prod_{1=1}^{t}(1-\frac{1}{q_{*}})^{-1}<(1arrow\frac{1}{q_{1}})^{-t}=(1+\frac{1}{2k_{1}p})^{t}<(1+\frac{1}{2p})^{\frac{}{1+I\text{ }*2P}}$ .
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$s$ $:=\log_{2}p$ $(1+ \frac{1}{2p})^{\frac{}{\iota+1\circ\iota 2p}}=(1+\frac{1}{2^{\epsilon+1}})$ $Parrow\infty$ $sarrow\infty\neg_{\backslash }^{\eta}$
o lipm$arrow\infty$
$\frac{2^{p}-1}{\varphi(2^{p}-1)}=\lim_{earrow\infty}(1+\frac{1}{2^{s+1}})^{ffi_{\urcorner}^{+1}}=\lim_{*arrow\infty}e^{*}*=1$. I
Conway $[$4$]$ $on_{2}$ $GF(2^{2^{1}})$ $\lim_{tarrow\infty}\frac{1}{2^{2^{t}}}\frac{2^{2^{\iota}}-1}{\varphi(2^{2^{2}}-1)}$
$g$ $
$t arrow\infty hm\frac{1}{2^{2^{l}}}\frac{2^{2^{\ell}}-1}{\varphi(2^{2^{t}}-1)}=0$ , $On_{2}$ $C\sim o(m^{2})$
$2^{2^{t}}-1=(2^{2^{(t-1)}}-1)(2^{2^{(t-1)}}+1)$ $2^{2^{\langle t-1)}}-1$ $2^{2^{(t-1)}}+1$
, $c$ $2^{2^{(t-1)}}\equiv 1mod c$, $2^{2^{(t-1)}}\equiv-1mod \iota,$.





$q$ $Z/(q)\backslash \{0+(q)\}$ $2+(q)$ $g$ $g|2^{t}$
$1\leq i\leq t$ $g=2^{i}$ $q$
$2^{2^{\langle\ell-1)}}-1$
$1\leq j\leq t-1$ $g=2^{j}$ $2^{2^{t}}-1$ $2^{2^{(t-1)}}-1$





$2^{2^{(t-1)}}+1$ $2\neq q_{1}<q_{2}<\cdots<q_{*}$ . $\epsilon\geq i\geq 1$
$2^{2^{(\iota-1)}}+1=q_{1}^{r_{1}}q_{2^{2}}^{r}\cdots q_{*}^{r}\cdot,$ $r_{i}\geq 1$ ,
$i$ $2^{t}+1\leq q_{i}$ , $(2^{t}+1)^{t1+’+\cdots+r}2\cdot\leq 2^{2^{(\ell-1)}}+1$
$r=r_{1}+r_{2}+\cdots+r_{\iota}$ $(2^{t})^{r}\leq 2^{2^{(t-1)}}$ . $tr \log_{2}2\leq 2^{(t-1)}\log_{2}2\Rightarrow r\leq\frac{2^{(t-1)}}{t}\Rightarrow s\leq-$
$\underline{2^{(t-1)}}$ .
$\frac{2^{2^{\langle l-1)}}+1}{\varphi(2^{2}(t-1)+1)}=\prod_{1=1}^{*}\frac{q_{1}}{q_{i}-1}\leq\{\frac{1}{1-\frac{1}{q_{1}}}\}^{*}\leq\{\frac{1}{1-\pi^{1}}\}^{\epsilon}\leq\{\frac{1}{1_{2}^{1}-\urcorner}\}^{L^{\langle t\underline{arrow 1)}}}\leq ea\star^{L^{(l\underline{arrow 1)}}}=e^{*}$ .
$\frac{2^{2^{l}}-1}{\varphi(2^{2^{l}}-1)}=\prod_{uarrow 0}^{t-1}\frac{2^{2^{u}}+1}{\varphi(2^{2^{u}}+1)}\leq e^{w^{()}}11+1I^{+}I1+\cdots+\iota u$,
$t arrow\infty hm\frac{1}{2^{t}}\frac{2^{2^{t}}-1}{\varphi(2^{2^{l}}-1)}\leq\lim_{tarrow\infty}e^{-t\log 2\}(1+4+1+\cdots+:)}e$
$= \lim_{tarrow\infty}e^{1}e=\lim_{tarrow\infty}e\}(\gamma+(\log t-2t\log 2))$ .
$\gamma$ Eul-er $\lim_{tarrow\infty}(1Ogt-2t\log 2)=-\infty$ , ( $f(t)=\log t-2t\log 2$
, $f(1)=-2\log 2<0,$ $f’(t)= \frac{1}{t}-2\log 2<0$ for $1<t$ ), $\#\ovalbox{\tt\small REJECT} tarrow 1\dot{m}_{\infty}\frac{1}{2^{\text{ }}}\frac{2^{2^{1}}-1}{\varphi(2^{2^{l}}-1)}=0.1$
Euler $\gamma=\lim_{tarrow\infty}1+\frac{1}{2}+\frac{1}{3}+\cdots+\frac{1}{t}-\log t$ $A\searrow$ Cf.






1 Peterson-Weldon [9] three
binary digits
([1], [3], [6], [8], [10], [11], [13], [14])
$n_{f}$
N. Zierler and J. Brillhart ([13], [14]) 3 (trinomial)
([2], [9]) (weight ) lst PP
$\alpha\in GF(2^{m})$






2. 2 $p\neq 2$ $\lim_{\text{ }marrow\infty}\frac{p^{m}-1}{\varphi[p^{m}-1)}=1$ , ,
$p\neq 2$ [12]
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